Received: September 14, 1998, Accepted: September 29, 1998

HYPER VERSION

Rarita-Schwinger field in the AdS/CFT correspondence

Anastasia Volovich^∗

Department of Physics, Harvard University, Cambridge, MA 02138 E-mail: nastya@physics.harvard.edu

Abstract: A free Rarita-Schwinger field in the Anti-de Sitter space is considered. We show that the usual action can be supplemented by a boundary term that can be interpreted as the generating functional of the correlation functions in a conformal field theory on the boundary of the Anti-de Sitter space.

Keywords: Conformal Field Models in String Theory, Supersymmetry and Duality.

∗On leave from Moscow State University and L. D. Landau Institute for Theoretical Physics, Moscow, Russia.

Contents

1. Introduction 1

2. The Rarita-Schwinger field on AdS_{d+1} 2

3. Correlator in CF T_d 4

4. Boundary term 4

A. Derivation of the finite action 5

B. Momentum integrals 7

1. Introduction

Recently it has been proposed by Maldacena [1] that there is an exact correspondence between string theory on Anti-de Sitter space (AdS) and a certain superconformal field theory (CFT) on its boundary. For instance, the large N and the large t’Hooft coupling limit of N = 4 four dimensional SU(N) Super Yang–Mills can be described by IIB supergravity compactified on AdS_5 × S^5. In [2, 3] the recipe for computing field theory observables via AdS was suggested, namely, the action for a field theory on AdS considered as the functional of the asymptotic value of the field on the boundary of the AdS space is interpreted as the generating functional for the correlation functions in a conformal field theory on the boundary. For example, for the scalar field one has

Z_{AdS} [ϕ_0] = ∫ ϕ_0

Dϕ exp(−S[ϕ]) = Z_{CF T} [ϕ_0] = ⟨ exp (∫ ∂AdS_d d^dxOϕ_0 )⟩ , (1.1)

where ϕ_0 is the boundary value of ϕ and it couples to the scalar O on the boundary. Hence calculating the action on the AdS_{d+1} side allows one to obtain the correlation functions on the CF T_d side.

Recently, scalar, spinor, vector and graviton fields have been considered on various products of AdS spaces; two, three and four-point functions were calculated and various non-renormalization theorems suggested [2]–[21]. One can deduce the scaling dimensions of operators in the conformal field theory from the masses of particles in string theory. Spinor fields of spin 1/2 were discussed in [7] (see also [6]) where it was pointed out that the ordinary Dirac action vanishes on-shell; so to get the generating functional in conformal field theory one has to supplement the action by a certain boundary term, which produces the correlation function in conformal field theory.

In this note we will discuss the Rarita-Schwinger field on AdS_{d+1}. It can couple to the supersymmetry current, thus it is natural to reproduce the two-point correlation function of the supersymmetry currents from the partition function on the AdS side by finding the appropriate boundary term to add to the action, since the bulk action vanishes onshell. In section 2 we consider the Rarita-Schwinger field on AdS_{d+1} and find the solution of the corresponding Dirichlet problem. In section 3 we review the two-point function of operators coupling to gravitini, which is restricted by conformal invariance. Finally, in section 4 we find the boundary term on the AdS_{d+1} side which reproduces the correlator on CF T_d side, and the relation between the scaling dimension of the operator in the CF T_d and the mass of the particle in the AdS_{d+1} space.

2. The Rarita-Schwinger field on AdS_{d+1}

Here we will consider the Rarita-Schwinger field on AdS_{d+1}. The action for the Rarita- Schwinger field in curved space reads

I_0 = ∫ AdS d^{d+1}x √ GΨ̄_μ(Γ^{μνλ}D_ν − mΓ^{μλ})Ψ_λ , (2.1)

where Γ^{μνλ} = Γ^{[μ}Γ^ν Γ^{λ]}, Γ^{μν} = Γ^{[μ}Γ^{ν]} , (2.2)

Ψ_μ = (Ψ_{μα}) is the Rarita-Schwinger field, Γ^μ = γ^ae^μ_a , {γ^a, γ^b} = 2δ^{ab}, e^μ_a is a vielbein such that the metric G_{μν} = e^a_μe^b_ν δ_{ab}; and by [...] we denoted antisymmetrization of the indices; μ, ν, a, b = 0, 1, ..., d. In the coordinates x^μ = (x^0, x) = (x^0, x^i), i = 1, . . . , d, the Euclidean AdS_{d+1} space is represented by the Lobachevsky upper half-space x^0 > 0 and the metric ds^2 is given by ds^2 = G_{μν} dx^μdx^ν = 1 x^2_0

(dx^0dx^0 + dx · dx) . (2.3)

The boundary M_d = ∂AdS_{d+1} is defined by the hypersurface x^0 = 0 plus a single point at x^0 = ∞. With the choice of the vielbein

e^a_μ = (x^0)^{−1}δ^a_μ , a = 0, . . . , d (2.4)

for which the corresponding nonvanishing components of the spin connection ω^{ab}_μ has the form [7] ω^{0j}_i = −ω^{j0}_i = (x^0)^{−1}δ^j_i , (2.5)

the operators D_ν , D/ are given by

D_ν = ∂_ν + 1 2 ω^{bc}_ν Σ_{bc} = ∂_ν + 1 2x^0 γ_{0ν} , D/ = x^0γ^0∂_0 + x^0Γ · ∇ − d 2 γ^0 . (2.6)

Using the condition Γ^μΨ_μ = 0 , (2.7) we can rewrite the Rarita-Schwinger equation Γ^{μνρ}D_ν Ψ_ρ = mΓ^{μν} Ψ_ν (2.8) in the following form for ψ_a = e^μ_a Ψ_μ:

x_0γ^ν ∂_ν ψ_a − d 2 γ_0ψ_a = γ_aψ_0 − mψ_a . (2.9) The solution of the above is given by

ψ_0(x_0, ⃗x) = ∫ d^d⃗pe^{i⃗p⃗x}(px_0)^{d+32} (i p̂ p K_{m+1/2}(px_0) + K_{m−1/2}(px_0))c^−_0 (⃗p) , (2.10)

ψ_i(x_0, ⃗x) = ∫ d^d⃗pe^{i⃗p⃗x}(x_0p)^{d+12} (i p̂ p K_{m+1/2}(px_0) + K_{m−1/2}(px_0))c^−_i (⃗p) + + ∫ d^d⃗pe^{i⃗p⃗x}(x_0p)^{d+32} [ p_ip̂ p^2

K_{m+3/2}(px_0) − ip_i p K_{m+1/2}(px_0) + + γ_i x_0p

K_{m+1/2}(px_0)]c^−_0 (⃗p) . (2.11)

where p = |⃗p|, p̂ = γ^ip_i; K_ν is the modified Bessel function and c_0, c_i satisfy γ_0c^−_0 = −c^−_0 and γ_0c^−_i = −c^−_i .

The condition γ_0ψ_0 + γ_iψ_i = 0 takes the form

c^−_0 (⃗p) = − 2ip_jc^−_j (⃗p) (2m + d + 1)p

, γ_ic^−_i (⃗p) = 0 . (2.12)

Similarly, the solution of the conjugate equation is ψ̄_0(x_0, ⃗x) = ∫ d^d⃗pe^{i⃗p⃗x}(px_0)^{d+32} c̄^+_0 (⃗p)(−i p̂ p K_{m+1/2}(px_0) + K_{m−1/2}(px_0)) ,

ψ̄_i(x_0, ⃗x) = ∫ d^d⃗pc̄^+_i (⃗p)e^{i⃗p⃗x}(x_0p)^{d+12} (−i p̂ p K_{m+1/2}(px_0) + K_{m−1/2}(px_0)) + + ∫ d^d⃗pc̄^+_0 (⃗p)e^{i⃗p⃗x}(x_0p)^{d+32} [ p_ip̂ p^2

K_{m+3/2}(px_0) − − ip_i p K_{m+1/2}(px_0) − γ_i x_0p

K_{m+1/2}(px_0)] , (2.13)

with c̄^+_0 (⃗p) =

2ip_jc̄^+_j (⃗p) (2m + d + 1)p

, c̄^+_i (⃗p)γ_i = 0 . (2.14) Let us now consider the boundary conditions on the surface x_0 = ϵ, ϵ → 0 [9, 15]. Without loss of generality we will consider the case of positive m (the other case can be treated similarly). Then fixing the positive components ψ^{ϵ,+}_i (⃗x) of the boundary field we find that the negative components ψ^{ϵ,−}_i (⃗x) vanish, where ψ^{ϵ,±}_i (⃗x) =^1_2 (1±γ_0)ψ_i(x_0 = ϵ, ⃗x). To specify solutions we use the functions χ_i χ̄^−_i (⃗x) = ϵ^{m−d/2}ψ̄_i^{ϵ,−}(⃗x), χ^+_i (⃗x) = ϵ^{m−d/2}ψ^{ϵ,+}_i (⃗x) . (2.15) The dependence of c_0 and c_i on them is given by (A.9) and (A.10) in appendix A.

3. Correlator in CF T_d

Conformal invariance fixes the two-point correlation function for spin 3/2 primary fields of scaling dimension Δ up to normalization to be [26] < O_{kα}(x)O_{jβ}(0) >= C x̂_{αβ} x^{2Δ+1} (δ_{kj} − 2 x_kx_j x^2

) , (3.1)

where i, j are vector indices, α, β are spinor indices and x̂_{αβ} = γ^i_{αβ}x_i.

4. Boundary term

The Rarita-Schwinger action vanishes on-shell; thus in order to reproduce the two-point correlation function of spin 3/2 fields in the boundary conformal field theory one has to supplement the action by the boundary term. This is analogous to the spinor case [7] and so we similarly take I ∼ lim_{ϵ→0} ∫ M^ϵ_d d^d⃗x √ G_ϵΨ̄_iG^{ij} Ψ_j , (4.1)

where as in the spinor case M^ϵ_d is the surface of x_0 = ϵ, G^{ij} is the induced metric on M^ϵ_d with determinant G_ϵ = ϵ^{−2d}. To compute the total action we following [9] consider the Dirichlet problem on M^ϵ_d .

The action (4.1) can be rewritten in momentum space in the form I ∼ ∫ d^d⃗pϵ^{−d}(ψ̄^+_i (ϵ, ⃗p)ψ^+_i (ϵ, −⃗p) + ψ̄^−_i (ϵ, ⃗p)ψ^−_i (ϵ, −⃗p)) . (4.2) Generally speaking the expression (4.2) contains divergences when ϵ → 0. Selecting the finite part, one gets the action (see appendix A for details of the derivation) I ∼ ∫ d^dpχ̄^+_i (⃗p)p^{2m}( δ_{ij}p̂ p − 2(2m − 1) d + 2m − 1 · p_ip_jp̂ p^3

)χ^−_j (−⃗p) , (4.3)

where the boundary spinors χ_i and χ̄_i are defined as in (2.15).

Taking the Fourier transform and integrating over ⃗p (we use integrals from appendix B) we get the expression for the boundary term on the AdS side I ∼ ∫ d^dx ∫ d^dyχ̄^+_i (x) x̂ − ŷ (x − y)^{2m+d+1} × (δ_{ij} − 2 (x − y)_i(x − y)_j (x − y)^2

)χ^−_j (y) , (4.4)

which matches the expression for the CFT correlator (3.1) with

Δ = d/2 + m . (4.5)

So we found the agreement between the two-point function derived from the AdS_{d+1} side and the CF T_d side once the appropriate boundary term was added.

The mass spectrum of IIB supergravity on AdS_5 ×S^5 has been worked out in [22]. In particular it was shown that there is a massless gravitino field which satisfies equation (2.8) with m = 3/2. The IIB supergravity on AdS_5 × S^5 is dual to four dimensional N = 4 Super Yang-Mills [1]. The supersymmetry current Σ^μ_α

Σ^μ_{αA} = −σ^{kν} F^−_{kν}σ^μ_{αα̇}λ^{α̇}_A + 2iφ_{AB}^{←→}∂^μλ_α^B + 4 3 iσ^{μν}_α^β ∂_ν (φ_{AB} λ_β^B) , (4.6)

(see [24, 25] for details) which couples to the Rarita-Schwinger field has the scaling dimension Δ = 7/2. One gets this dimension from (4.5) if one takes d = 4 and m = 3/2. This provides a test of the AdS/CFT correspondence in this case. The 11d supergravity on AdS_7 × S^4, is related to the theory on M5-branes [1] and thus to (2,0) theory in the large N limit. The spectrum of the supergravity theory was computed in [23] and that of the primary operators of the conformal algebra of arbitrary spin was discussed in [6, 5]. In particular the gravitino was discussed and the relation between the scaling dimension and the mass agrees with our analysis.

After this paper was completed and prepared the paper [27] appeared with similar results.

Acknowledgments

I would like to thank Juan Maldacena and Andy Strominger for very helpful discussions; and Jeremy Michelson for useful comments. I am grateful to Laboratoire de Physique Theorique et Hautes Energies in Paris where part of this work was done and especially Laurent Baulieu for invitation and Celine Laroche for kind hospitality. This work is partially supported by DOE grant DE-FG02-96ER40559, Van Vleck fellowship, Soros grant and CNRS foundation.

A. Derivation of the finite action

Here we will present the details of the imposed boundary conditions and the derivation of the term (4.3). Let us set x_0 = ϵ in (2.11)

ψ^ϵ_i (⃗p) = ∫ d^d⃗xe^{−i⃗p⃗x}ψ_i(ϵ, ⃗x) = (ϵp)^{d+12} (i p̂ p K_{m+1/2}(pϵ) + K_{m−1/2}(pϵ))c^−_i (⃗p) + +(ϵp)^{d+32} [ p_ip̂ p^2 K_{m+3/2}(pϵ) − ip_i p K_{m+1/2}(pϵ) + γ_i ϵp K_{m+1/2}(pϵ)]c^−_0 (⃗p) , (A.1)

and introduce ψ^{ϵ,±}_i = 1 2 (1 ± γ_0)ψ^ϵ_i . (A.2)

Then from the asymptotic behavior of the Bessel function for m > 0 we conclude that once we fix ψ^{ϵ,+}_i , then ψ^{ϵ,−}_i → 0, so analagous to the spinor case ψ^{ϵ,+}_i can be used to determine the boundary data and

ψ^{ϵ,+}_i (⃗p) = (ϵp)^{d+12} i p̂ p K_{m+1/2}(pϵ) · c^−_i (⃗p)+ (A.3)

+(ϵp)^{d+32} [ p_ip̂ p^2

K_{m+3/2}(pϵ) + γ_i ϵp K_{m+1/2}(pϵ)]c^−_0 (⃗p) . (A.4)

Let us now find the dependence on c^−_0 and c^−_i from ψ^{ϵ,+}_i . Suppose for some a and f

c^−_i = b_i + p_i p ac^−_0 + fγ_ic^−_0 .

Then in (A.3) if we require the first term in the right hand side to be equal to the left hand side we get

b_i = − ip̂ψ^{ϵ,+}_i pK_{m+1/2}(ϵp) (ϵp)^{− d+12} , (A.5)

a = i (pϵ)K_{m+3/2}(pϵ) K_{m+1/2}(pϵ) , (A.6)

f = ip̂ p (A.7) or c^−_i = − ip̂ p ψ^{ϵ,+}_i K_{m+1/2}(pϵ) (ϵp)^{− d+12} + [ ip_i p (pϵ)K_{m+3/2}(pϵ) pK_{m+1/2}(pϵ) + ip̂γ_i p ]c^−_0 . (A.8)

The condition (2.12) gives the expresion for c_0 and c_i in the form

c^−_0 = − 2p̂p_j p^2

(ϵp)^{− d+1}2 (2m + d − 1)K_{m+1/2}(pϵ) − 2(ϵp)K_{m+3/2}(ϵp) ψ^{ϵ,+}_j , (A.9)

c^−_i = − ip̂ p (ϵp)^{− d+1}2 K_{m+1/2}(pϵ) ψ^{ϵ,+}_i − ( ip_i p (pϵ)K_{m+3/2}(pϵ) pK_{m+1/2}(pϵ) + ip̂γ_i p )×

×( 2p̂p_j p^2

(ϵp)^{− d+1}2 (2m + d − 1)K_{m+1/2}(pϵ) − 2(ϵp)K_{m+3/2}(ϵp) ψ^{ϵ,+}_j ) . (A.10)

Then from (2.11) we get ψ_i(ϵ, ⃗x) = ∫ d^d⃗pe^{i⃗p⃗x}[ψ^{ϵ,+}_i + (ϵp)^{d+12} K_{m−1/2}(ϵp)c^−_i − (ϵp)^{d+32} ( ip_i p )K_{m+1/2}(ϵp)c^−_0 ] . (A.11)

Substituting the expression (A.9) and (A.10) in (A.11) and defining the boundary spinors χ̄^−_i = lim_{ϵ→0} ϵ^{m−d/2}ψ̄_i^{ϵ,−}, χ^+_i = lim_{ϵ→0} ϵ^{m−d/2}ψ^{ϵ,+}_j , (A.12) we get ψ_i = ϵ^{−m+d/2} ∫ d^d⃗pe^{i⃗p⃗x}[χ^+_i − ip̂ p · K_{m−1/2} K_{m+1/2} χ^+_i − −{( ip_i p )ϵp K_{m−1/2}K_{m+3/2} − K^2_{m+1/2} K_{m+1/2} + ( ip̂γ_i p )K_{m−1/2}} × ×{ 2p_jp̂ p^2 · 1 (2m + d − 1)K_{m+1/2} − 2ϵpK_{m+3/2} χ^+_j }] . (A.13)

We assumed here that the argument of the Bessel function is ϵp. The very similar expression can be easily written for the conjugate spinor. Now let us proceed with calculation of the boundary term: I ∼ ∫ d^d⃗kϵ^{−d}(ψ̄^+_i (⃗k)ψ^+_i (−⃗k) + ψ̄^−_i (⃗k)ψ^−_i (−⃗k)) (A.14)

as the functional of the boundary spinors χ^+_i and χ̄^−_i : I ∼ 2 ∫ d^d⃗kϵ^{−2m}χ̄^−_i (⃗k)[− ip̂ p D(ϵp) − ( 2ip_ip_jp̂ p^3

)R(ϵp)]χ^+_j , (A.15)

where

D(z) = K_{m−1/2}(z) K_{m+1/2}(z) , R(z) = [ϵp^{Km−1/2 (z)Km+3/2(z)−K2m+1/2(z)} K_{m+1/2}(z) + 2Km−1/2(z)] (2m + d − 1)K_{m+1/2}(z) − 2zK_{m+3/2}(z)

. (A.16)

We notice that to get rid of singularities one has to take terms in the square brackets ∼ ϵ^{2m}. Using the asymptotics of the Bessel functions for small z:

K_ν (z) = z^{−ν} 2^{ν−1}Γ(ν) − z^ν 2^{−1−ν}

Γ(ν)Γ(1 − ν) Γ(ν + 1)

+ · · · (A.17)

we get the answer (4.3).

B. Momentum integrals

We used the following integrals in the above: ∫ d^dpp_ie^{i⃗p⃗x}p^λ = iA_λ(d + λ)x_i x^{d+λ+2} (B.1) ∫ d^dpp_ip_j p_ke^{i⃗p⃗x}p^λ = iA_λ(d + λ)(d + λ + 2) x^{d+λ+4} × ×[(δ_{ik}x_j + δ_{ij} x_k + δ_{jk}x_i) − (d + λ + 4) x_ix_j x_k x^2

] , (B.2)

where A_λ = 2^{d+λ}π^{d/2 Γ( d+λ2 )}_{Γ(− λ2 )} , so that A_{λ+2} = −(d + λ)(2 + d)A_λ.

References

[1] J. Maldacena, The large N limit of superconformal field theories and supergravity,

hep-th/9711200.

[2] G.G. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti de Sitter space and holography, hep-th/9802150.

[4] I.Ya. Aref’eva and I.V. Volovich, On large N conformal field theories, field theories in anti-de Sitter space and singletons, hep-th/9803028.

[5] O. Aharony, Y. Oz and Z. Yin, M theory on AdS_p × S^{11−p} and superconformal field theories, Phys. Lett. B 30 (1998) 87 [hep-th/9803051].

[6] R. Leigh and M. Rozali, The large N limit of the (2, 0) superconformal field theory, Phys.

Lett. B 431 (1998) 311 [hep-th/9803068].

[7] M. Henningson and K. Sfetsos, Spinors and the AdS/CFT correspondence, Phys. Lett.

B 431 (1998) 63 [hep-th/9803251].

[8] W. Mück and K.S. Viswanathan, Conformal field theory correlators from classical scalar field theory on anti-de Sitter space, Phys. Rev. D 58 (1998) 041901 [hep-th/9804035].

[9] D. Freedman, S. Mathur, A. Matusis and L. Rastelli, Correlation functions in the CF T_d/AdS_{d+1} correspondence, hep-th/9804058.

[10] H. Liu and A.A. Tseytlin, D = 4 Super Yang-Mills, D = 5 gauged supergravity and D = 4 conformal supergravity, hep-th/9804083.

[11] J. Maldacena and A. Strominger, AdS_3 black holes and stringy exclusion principle,

hep-th/9804085.

[12] R. Kallosh and A. van Proyen, Conformal symmetry of supergravities in AdS spaces,

hep-th/9804099.

[13] G. Chalmers, H. Nastase, K. Schalm and R. Siebelink, R-current correlators in N = 4 super Yang-Mills theory from anti-de Sitter supergravity, hep-th/9805105.

[14] I. Aref’eva and I. Volovich, On breaking of comformal symmetry in the AdS/CFT correspondence, Phys. Lett. B 433 (1998) 49 [hep-th/9804182].

[15] W. Mück and K.S. Viswanathan, Conformal field theory correlators from classical field theory on anti-de Sitter space II. Vector and spinor fields, Phys. Rev. D 58 (1998) 106006 [hep-th/9805145].

[16] A. Ghezelbash, K. Kaviani, S. Parvizi and A. Fatollahi, Interacting spinors - scalars and the ADS/CFT correspondence, Phys. Lett. B 435 (1998) 291 [hep-th/9805162].

[17] V. Balasubramanian, P. Kraus and A. Lawrence, Bulk vs. boundary dynamics in anti-de Sitter spacetime, hep-th/9805171.

[18] S. Lee, S. Minwalla, M. Rangamani, N. Seiberg, Three-point functions of chiral operators in D = 4, N = 4 SYM at large N, hep-th/9806074.

[19] G.E. Arutyunov and S.A. Frolov, On the origin of supergravity boundary terms in the AdS/CFT correspondence, hep-th/9806216.

[20] H. Liu and A.A. Tseytlin, On four point functions in the AdS/CFT correspondence,

hep-th/9807097.

[21] D.Z. Freedman, S. Mathur, A. Matusis and L. Rastelli, Comments on 4-point functions in the CFT/AdS correspondence, hep-th/9808006.

[22] H.J. Kim, L.J. Romans and P. van Nieuwenhuizen, Mass spectrum of chiral tendimensional N = 2 supergravity on S^5, Phys. Rev. D 32 (1985) 389.

[23] P. van Nieuwenhuizen, The complete mass spectrum of d=11 supergravity compactified on S^4 and the general mass formular for arbitrary cosets M_4, Class. and Quant. Grav. 2 (1985) 1.

[24] E. Bergshoeff, M. De Roo and B. de Wit, Extended conformal supergravity, Nucl. Phys.

B 182 (1981) 173.

[25] M. Bianchi, M. Green, S. Kovacs and G. Rossi, Instantons in supersymmetric Yang-Mills and D-instantons in IIB superstring theory, JHEP 08 (1998) 013 [hep-th/9807033].

[26] G.M. Sotkov and R.P. Zaikov, Conformal invariant two and three-point functions for fields with arbitrary spin, Rep. Math. Phys. 12 (1977) 375;

S. Ferrara, A.F. Grillo, G. Parisi and R. Gatto, The shadow operator formalism for conformal algebras. Vacuum expectation values and operator products, Lett. Nuovo Cim. 4 (1972) 115.

[27] S. Corley, The massless gravitino and the AdS/CFT correspondence, hep-th/9808184.